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IN TOPOLOGY and geometry it is often useful or important to recognize n-dimensional 
manifolds that are isomorphic to products X x [0, l] of a compact manifold X with the unit 
interval. The s-cobordism theorem of Barden, Mazur and Stallings (see [13, 171) states that 
a compact (n + 1)-manifold W of dimension n + 1 2 6 with boundary 8 W = M,, u Ml is 
a product M0 x [0, l] if and only if W is an h-cobordism (i.e., W is homotopically a product) 
and a certain algebraic invariant z( W; M,,) called the Whitehead torsion is trivial (for n = 4 
the results of [8,9] yield a topological version of the s-cobordism theorem for a large class 
of the fundamental groups). The Whitehead torsion invariant takes values in an abelian 
group called the Whitehead group of M that depends only on the fundamental group and is 
denoted by Wh(n,( W)). The vanishing condition on Z( W; M,-,) is essential because the 
Whitehead group is nonzero in many cases and every element can be realized as the torsion 
of some h-cobordism (W”+l; M”,, My) for n 2 4; a proof in the case n 2 5 appears in [13], 
and the case n = 4 is treated in [2]. In fact, it is possible to choose the h-cobordisms o that 
M,-, ?z Ml (compare [2, Prop. 3.3 and the first sentence in the paragraph on p. 515 before 
Prop. 3.21). On the other hand, our understanding of the case n = 3 is still quite limited. For 
example, the following realization question from [16, Problem 4.91 is still open. 
PROBLEM. Does there exist a 4-dimensional h-cobordism with nontrivial Whitehead tor- 
sion? 
In studying the structure of 4-dimensional h-cobordisms ( W4; MO, Ml), questions 
concerning the structure of the 3-manifolds MO and Ml arise naturally. For example, it is 
appropriate to ask if MO and Ml are homeomorphic. Unfortunately, questions of this type 
are generally beyond the reach of existing techniques; the Poincart Conjecture is a special 
case. Therefore, some assumptions on MO and Ml are necessary to obtain a tractable 
version of the realization question. In this paper we assume that the 3-dimensional 
manifolds under consideration are compact, oriented, unbounded, and geometric in the 
sense of W. Thurston (see [44] or P. Scott’s expository article [36]). A closed oriented 
geometric 3-manifold has a decomposition into nonoverlapping bounded 3-manifolds that 
have geometric structures; there are eight types of structures associated to various Lie 
groups such as the isometry groups of 3-manifolds with constant curvature. Thurston’s well 
known Geometrization Conjecture states that all oriented closed 3-manifolds are geometric 
(compare [44] and [36], Section 6, p. 4843). 
This paper is devoted to a proof of the following theorem. 
tThe first named author was partially supported by NSF Grant DMS 89-01583, and the second named author was 
partially supported by NSF Grants DMS 86-02543 and 89-02622 and the Mathematical Sciences Research 
Institute (Berkeley). 
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THEOREM. Let ( W4; MO, Ml) be a 4dimensional h-cobordism between oriented geometric 
3-manifolds M0 and Ml. Then ( W4; MO, Ml) is an s-cobordism. 
COROLLARY. Every h-cobordism between 3-dimensional linear space forms is an s-cobor- 
dism. 
Remark. One can use the unique decomposition of oriented 3-manifolds into a connec- 
ted sum of primes (cf. [ll]) and the decomposition results of W. Jaco, P. Shalen, and K. 
Johannson [14, 151 to show that a closed oriented 3-manifold is geometric if and only if it is 
a finite connected sum of (possibly empty) families of hyperbolic manifolds, Seifert mani- 
folds, and Haken manifolds (see [36, pp. 482-4841, especially the first conjecture on p. 484). 
Our methods depend heavily upon this characterization. 
The proof of the theorem has two main steps. First the case of a finite fundamental 
group is considered. The main result here is Theorem 3.1 which says that h-cobordisms 
between 3-dimensional linear space forms are s-cobordisms. Most of the algebraic machin- 
ery used in this paper is needed in order to handle this case. The methods of topological 
surgery theory play the important role in the proof of Theorem 3.1. Of course here one takes 
an advantage of Freedman’s results (see [9]) which enable us to do topological surgery on 
4-manifolds with finite fundamental groups. 
Next the general case is treated; i.e., h-cobordisms between arbitrary oriented geometric 
3-manifolds. It turns out that there is a serious difficulty here because the fundamental 
groups in this case are generally outside the range of groups for which four-dimensional 
surgical techniques are known to be applicable. To illustrate this consider one of the 
simplest examples. Let X1 be a 3-dimensional spherical linear space form with nontrivial 
Whitehead group Wh(nl(X1)), and let X2 be Haken. Let (W; MO, M,) be an h-cobordism 
where M,, = Ml = Xl #X2. Although Wh(n1(X2)) = 0 (cf. [48]) and Wh(nl(W)) z 
Wh(x(X1)) @ Wh(nl(X2)) z Wh(nl (X,)), this does not really help to analyze the torsion 
of (W; Mot M,). The difficulty here arises because rci( W) z zl(X1)* 7c1(X2) is in general 
outside of the range of groups for which four-dimensional surgical techniques are known to 
work. Consequently there is no reason to believe that ( W; MO, Ml) can be split (as 
a connected sum along an arc) into two h-cobordisms (WI; Xl, Xl) and (W,; X2, X2). This 
in turn implies that the triviality of the Whitehead torsion for an h-cobordism between two 
copies of X, can not be used directly to provide the needed conclusion concerning the 
Whitehead torsion of (W; M ,,, M,). In order to overcome these difficulties we use the 
proper surgery theory of L. Taylor [42] and S. Maumary [24]. Specifically, we apply proper 
surgery to the infinite covering space of W corresponding to the subgroup 
n,(X,) c rrl(X1) * rc1(X2). Although the structure at infinity is more complicated than in 
many applications of proper surgery theory (e.g., the set of ends is a Cantor set), one has just 
enough geometric information to make some necessary computations of proper surgery 
obstruction groups. These computations allow one to establish the triviality of the White- 
head torsion for h-cobordisms between arbitrary geometric 3-manifolds. 
Finally, although we have used the results of M. Freedman [8,9] at certain points of our 
arguments, the proofs can be modified to be independent of [9] and [S]. This is explained 
further in the Final Remarks at the end of Section 5. 
This paper is divided into five sections. In the first section we collect some observations 
concerning the homotopy equivalences of geometric 3-manifolds. The second section 
contains the necessary results on the Whitehead groups of finite groups. In section three we 
prove the triviality of the Whitehead torsion for h-cobordisms between 3-dimensional 
spherical linear space forms. Section four contains some geometric results needed for 
VANISHING OF 4-DIMENSIONAL WHITEHEAD TORSION 137 
application of the theory of proper Whitehead torsion and proper surgery theory to our 
problem. Finally section five contains the proof of our main result. The paper ends with 
remarks explaining how to modify the proof of the main theorem in order to avoid the use 
of Freedman’s results. 
Remarks: 
1. The above Corollary together with the results of [3,4] and [20,21] provides 
a complete classification of h-cobordisms between 3-dimensional space forms. 
2. In contrast to higher dimensions, it is not possible to represent nonzero classes of 
Whitehead groups wh( Z,) as Whitehead torsions of inertial h-cobordisms ( W4; MO, MI) 
with M ,, z MI and rri = Zk. This follows directly from the methods of [18]. 
3. It is worthwhile to note that the realization problem for the &-analog of the 
s-cobordism theorem-namely, Siebenmann’s Ribbon Theorem (see [38]-has a nontrivial 
solution in many cases. That is, there are open 4-manifolds proper homotopy equivalent to 
Lx Iw, where L is an appropriate lens space, with nontrivial end invariants 
b(s*) E M~C~l(L)I); see C191. 
4. Every 2- or 3-dimensional h-cobordism (W; M,,, MI) is an s-cobordism since 
Wh(z) = 0 in this case. 
It appears that the techniques of proper surgery theory can be applied to a wider range 
of problems where four-dimensional manifolds with arbitrary fundamental groups are 
involved. We shall pursue this in future papers. 
1. HOMOTOPY EQUIVALENCES OF GEOMETRIC IMANIFOLDS 
In this section we shall collect some elementary observations that will be useful later in 
this article. We start with a short proof of the following. 
THEOREM 1.1. Let f: M + N be a simple homotopy equivalence of orientable geometric 
3-manifolds. Then f is homotopic to a homeomorphism. 
Proof. We shall split the proof into two cases depending on whether or not the 
fundamental group is finite. 
Case 1. The fundamental group x,(M) is finite. We claim that in this case one can 
assume that M x N. Indeed, the restriction on the fundamental group implies that both 
M and N are (linear) spherical space forms. If nl(M) = 0 or Z2 then M = N = S3 or 
M = N = [WP’. If zl(M) # 0 or .Z2 and is abelian then both M and N are lens spaces and 
being simple homotopy equivalent they are homeomorphic (see [S] p. 100). If x,(M) is 
nonabelian then M and N up to homeomorphism are determined by the fundamental group 
(see [32], p. 113, and [43], p. 567 and the discussion beginning with the last two lines on 
p. 565) so we can assume M = N. 
Without loss of generality we may also assume f preserves some distinguished base- 
point. Choose a free 4-dimensional representation V such that M = S( V)/G, where S( V) 
denotes the unit sphere and G is the fundamental group of M; if we wish to emphasize this 
choice of V and the polarization we shall write M(V). The homotopy self-equivalence 
j-induces an automorphism cp of rcl (M) FZ G, and it follows that finduces an equivariant 
simple homotopy equivalence f from S(cp* V) to S( V) whose induced map of orbit spaces 
j! pueq Jaqlo aql uo wop3eqaJ uoy?u~Jojap p?Jnwu aq~ ST A aJaqm 'p! xSo1 D!dolowoq s! 
WI1 aWN ‘I X & X JAI ‘&‘M tuaJoaq3 uwpJoqo3-s aql 1cg 
aZsx~ put3 zsxw uaamlaq~ tus!pJoqo3-s q~oours B swJoj((,~x~)~)aJnsop - Eax N 
MEN .,axNt EaxN:[ Bwppaqwa uf! 01 [ pualxa uv3 aM snql pue alpunq IeurJou 
p3!ay e seq E(7 XN ~%(m)[uaq~ (atpunq lua8ue~ IIZIA!JI f! wq away pup) alqowapo s! w 
~XI!S *%u!ppaqwa ue qwts aq &x~+M:[laT %nppaqwa qloou~s e dqSaww!xoJdde 
UBD ahi ‘dlaAg3adsaJ 811 .d puv 0~1 .d ‘[6p] II! Z'E'IT dJe11oJo3 pug P~~I-LJE~~oJo~ 68 
'EaxN53 N *TN uop!soduroa aq3 Icq uaAy% EaXN+ Ni:j dew aq3 Jap!suoD $OOAd 
~~sq&otuoaJip v 01 s!dolouroy ST zs x N c zs x jq :pz xJ dvtu ayl uay~ ~~p~~&mtu-~ 
paiua?ro pasop Jo amapnpzbia kdolotuoy aldtup v aq N e w :j la? ‘2’1 NIIIO~H~ 
ynsaJ 
a~qe~s%I!~o~~ojaq~aAeq aM uogdtunsse q3ns dul?~noq~~M pueqlaqlo aqlug'1'1 LuaJoaqL 
jojooJd aq$ Joj pzyassa SBM sp~ojyuaur-E uo aJtwnJls 3!J$awoa% t3jo uogdurnsse aqL 
m 'sp[oj~u~?tu aw!Jd Joj asw Iyads aql uroq SMOIIOJ 
]InsaJ leJaua% aql snqi put! (s,,s pappaqwa aq$ uo sws!qdJocuoawoq aJe SaNIaII?A!nba 
Ldolowoq asaql)saDuap?A!nba ddo$ouIoq aidurrsjo urns palDauuo3 e seS$uasaJdaJ UKI aM 
[ZI] tuaJoaq$ %ugqds q3squaptw-sq!JpuaH aq] Bu!dlddy 'sp~ojy~~~-~ 3platuoa% auI!Jd 
JO swns papauuo3 olu! pasodwo3ap aq UKI N put3 w qloq uaq_L 'spIojy?uI-f 3platuoa% 
aIqwIa!Jo 6JEJl!qJE N ‘m put2 aDuaIeA!nba Ldolotuoq aIdcurs f! aq ~c~:j Ia1 MON 
IuS~qdJOwOawOq I? 01 Drdolouroq s! awaIeA!nba ddo$ouroq I? q3ns wql aas 01 Lsea so 
11 'w put3 N uaamlaq azIap?A!nba 6dolouIoq %u!AJasaJd Jaqy 01 ~ISspua~xa uaql pue(dlaA! 
-padSal W pUE N I.UOJj SaUIO3(S)~pU" S UO pa3npU! UO!WJqy aql)%!AJaSaJd Jaqy aq 01 
~I~su.~Jojap at?0 MON 'paJaqyIJaj!as s!m leq~saqdw! s!qL wu!od aIdpI lnoql!m pasJawy 
aq 01 w 2 (s)Su!tr~qo ol(ddolotuoq 01 dn)SsuIJojap dlII?yuassa auo uaqL wurod ajdg ou 
q$IM (aploq uy~ I? JO SnJo) 'I? S! S)N U! s awjJns pasJawuI! 6[q!ssaJdtuoXI! pue w t N:j 
aXraIEA!nba 6dolowoq e ql!M s$~Iels au0 ‘b~au_I~N '[Lf] I+ $InsaJ uyu aq$ JO jooJd aql 
U~paU~~~UO~~~~~~~~dw~JaAaMOqS~%U~SnaJ~aMq~~qMuo~Sn~~uo~aq~~~~qdJo~OaurOqaJa~ 
put!~ 3eql sagduu(~)~~ z (~)‘u uaql aIqpnpaJJ! put! alqX?luapo s!m put! paJaqy !Jaj!as 
s! Nj! wq3 slJasse $1 wJoj luaJagp wqMar_uos e u! palw s! [Lf] jo yinsal u!eu~ aql leql 
In0 paw!od aq pInoqs $1 '([~f]aas)3103~ 01 anp s!paJaqy $Jaj!as aJe(~ pue)~ uayM a%?3 
aqJ waJoaqJ Avpgh~ MOISOM UMOUy IIaM aql UIOJj SMOIIOj ase3 XIoqJadlCq aqL .([Lv] 
aaS)uastWqpp2M 01 anp sl srql UayeH st ~\IJI UIS~qdJOUIOaUIOq E 03 3!dolowoq s! awaIeA!nba 
ddolotuoq 6JaAa aw3qns s!q1 UI .sdnoJ8 p?v.Iaw&?punj a$!uyu! aAeq put? aUIpd aJt? N 
put! m q3IqM u! ase3qns aq3 IsJy Japysuoa 'al!ugu! s! dnOJ8 pwrauwpunj aqJ 'z asv3 
T,us!qdJotuoatuoq B 03 cydolotuoq s!Sl~?ql apnpuo3 aM s!ql IUOJJ 
pue‘IC$guap! aqlo) ydolouIoq st Oy,Sleq$ saqdurr s!ql z7 JO 0 # Izj! lna 'f) dnoJ8 pz?luatu 
-epunj aq$ uo dlguap! aqy sa3npt.y lt3q3 (n)fl jo a3uaIeArnba-j[as I? s! O~og/~al!sodwo~ 
aql SnqJ. '3 dnOJ8 pwatuspunj aq3 uo T_d, sa3npuj (n)~ = (n,h)m +(/i)fi alrsodurog 
aql 3eq1 q3ns (/1*ch)m +(/1)w:Oy urs!qdJouIoatuoq I? SpIa!b SuoyzluasaJdaJ jo a3ua 
-1vAfnba aqL '(001 .d [s] JO [9z] aJr?dtuo3)suoy?luasaJdaJ luaIEA!nba aJr!n pue/1*h IvyI 
saqduy ulnl u! q3!qM'auws aql aJan pu't!n*ch jo SUO!SJO~ Ja)s!acuaplax aql leqy saqdtu!S 
JO a3uaisrxa aq3 Ina '(/i*h)s u! wqJo-3 ql!M (/i)s u! wqJo-3 JO uopti3y!luap! p~tzp 
-uws aqi wfsr(/l&)~ =((n)~ddow aqy fSo$ @owuoq sr(/i)w+((/i&)w =(/i)~ 
8EL 
VANISHING OF 4-DIMENSIONAL WHITEHEAD TORSION 139 
g: W + N x Sz x I is a diffeomorphism then h is homotopic to 
MxS*q WmNxS* 
which is a diffeomorphism. Consequently fx id is homotopic to a diffeomorphism as 
asserted in Theorem 1.2. n 
Remarks: 
1. The assumption in Theorem 1.1 that f is a simple homotopy equivalence is essential. 
There is a self homotopy equivalence of M = L( 12, 1) which is not homotopic to a homeo- 
morphism ( f is not simple!). Similar examples exist for all lens spaces of the form L(4m, 1) 
where m 2 2. Complete discussions of simple and nonsimple homotopy self-equivalences of 
lens spaces are given in [S, Section 29-301. 
2. Theorems 1.1 and 1.2 were announced by Turaev in [45] and a proof of Theorem 1.1 
was given in [46]. The above treatment of the finite fundamental group case can be used to 
clarify the corresponding part of the argument in [46]. 
In the course of proving our main theorem we shall need the automorphisms of 
3-dimensional spherical space forms given by the following result: 
PROPOSITION 1.3. Let G = Q8 x Z, where Qs is the quaternionic group of order 8 and n is 
odd, and let M be a 3-dimensional spherical spaceform with fundamental group G. Let T be the 
automorphism of Qs that cyclically permutes the standard ordered subset {i, j, k} in Qs. Then 
there is an orientation preserving homeomorphism h: M + M such that h induces T x id on 
n,(M). 
Proof: Let A: S3 + S3 be the orthogonal map induced by the permutation matrix that 
sends 1 to itself and cyclically permutes the standard quaternion unit vectors i, j, k, and 
define an A-invariant embedding of Z, c S’ c S3 by the formula 
By the standard classification theorems for 4-dimensional linear representations of Qs x H,, 
it follows that the free linear action of Qs x Z, is equivalent to the standard action 
sending (q, z; x) to the quaternion product qxz, where Z, is embedded in S3 by the 
composite of the A-invariant embedding above with an automorphism of Z,. It then follows 
that A(quz) = T(q)A(v)z for all (q, z, u) E Q8 x Z, x S3. Therefore A passes to a base-point 
preserving self-homeomorphism A0 on M such that the induced map of fundamental 
groups is TX id and the degree is + 1. n 
2. MORPHISMS OF WHITEHEAD GROUPS 
In order to prove the main result it is necessary to understand conjugation involutions 
and transfers on the Whitehead groups of 3-dimensional spherical spaceform groups. This 
information follows from the machinery developed by R. Oliver for studying SK,(Z[ G]), 
where G is a finite group. We are grateful to Oliver for indicating how these results could be 
proved. 
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Recall that the standard conjugation involution on wh( G) is induced by the involution 
of the group ring Z[G] that takes every element of G to its inverse (signs do not appear 
because we are working with oriented objects); specifically, if the matrix A represents a class 
X in l+%(G) then X* is represented by the conjugate transpose of A. 
THEOREM 2.1. Let G c SO(4) be a jinite group that can act freely on S3. Then the 
conjugation involution *: Wh( G) + Wh( G) is the identity. 
Proof: Here is the list of all possible groups satisfying the condition of Theorem 2.1. 
Descriptions of the first factors are listed in [20, p. 5271. 
1. Z, 
2. 0(48) x Z, (0(48) is the binary octahedral group) 
3. SL(2, 5) x Z, 
4. Q(4k) x Z,, 
5. T8.3” x Z, 
6. D zk(z*+l) x Cl. 
In each case the order of the relevant cyclic group is prime to the order of the first factor. 
It is known that the involution is trivial on SK,(G) and also on the quotient 
Wh’( G) z Wh( G)/SK, (G) (see [SO], [40]). Let Cl1 (G) be the kernel of natural surjection 
(see [28], p. 184) 
SK,(G):= SKi(ZG) + 1 S&(&G), 
P 
where 2, is the p-adic completion. Since SK1 (G) z C1r( G) z (Z,)‘, for some 1 2 0 (see [29] 
Theorem 6, p. 334) it will be enough to show that the involution is trivial if G is 
2-hyperelementary (cf. [40]). 
From now on we assume G is 2-hyperelementary. There are two possibilities. 
(a) G is metacyclic. 
(b) G z Z, ><1 Q2*, where t: Q2’ -+ Aut (Z,) is some homomorphism. 
If G is metacyclic, then SK 1 (G) = 0 (see [28]) and thus Wh( G) z Wh’( G) with the trivial 
involution. 
We will now consider the second case, in which G EZ Z, & Q2’. The decomposition (see 
~291, P. 307) 
QcGll~ n Q5d CL = exp@W)) 
induces a homomorphism 
where Z;‘,[Q2’]’ is the induced twisted group ring (see [28], [40]). It turns out (see [30], 
Proposition 1.2) that q induces an isomorphism 
Cl,(ZCGl) z cl, n ztdCQ2’1’ = n cl,(&[Q2’1’). 
( dim 1 dim 
As a consequence Theorem 2.1 will be proved if we show that the boundary homomorphism 
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induced by the corresponding short exact sequence of coefficient groups, is trivial. 
For each d Irn consider the ker( td), where 
td: Q2* + Aut( Z,) z Gal( Wd/Q). 
Note that if ker( td) # Q2’, then Cl1 (Ztd[ Q2’]‘) = 0. This follows from the fact that SK1( G) 
is generated by induction from elementary subgroups of G (see [29], Theorem 3, p. 327). In 
the case where ker( td) # Q2’ the only elementary subgroups are Q2k and cyclic subgroups 
and in both cases SK,-groups are trivial (cf. Theorem 4 in [28]). 
Therefore we can assume td = 1, and we have to consider the untwisted case only. 
If r > 1, then C/,(Z&[Q2’]) z Cr,(Z&,[D(8)]), where O(8) is the dihedral group of 
order 8 (see [28]), and in order to prove Theorem 2.1 it is enough to show that the 
involution is trivial on K1(i&[H]), where d > 1 and H is Q(8) or D(8). Let a, b be the 
generators of H and z = [a, b] the central element of order 2. Put R := Z&. The following 
commutative diagram is essentially contained in [28], p. 197 (cf. [30], p. 331): 
K,(RCHl, 1 -z) - K,(RCHI) a, Kl(RCZ, x Z,l) 
K,(RCHlI( 1 + z>, 2) - K,(RCHlI(1 + z>) - KI(RPCG x z,l) 
I= 
K,(RCHII<l + z>, 2) - K,(R[HlI(4,1 + z>, 2) = WCZ, x Z,l 
14 l& 
Cl,(R[H]) z Z2 A RI2 
Here the bottom square defines the homomorphism 4 and the maps Tr and E are defined in 
[28], p. 197; the definitions of the relative groups K,( ... ) appear in [27]. 
Let M E GL,( R[ H]) be given. After multiplying by elementary matrices (if necessary) we 
may assume a(M) E GL1(R[Z2 x Z2])(note that SK1(R[Z2 x Z,]) = 0;cf. [28]). Further- 
more, by taking instead of M some odd order power (if necessary), we can get rid of odd 
order roots of unity in R and arrange for E(M) to be symmetric (i.e. cc(M) = cr(M’), where 
n?’ is the conjugate transpose of M) and 
a(M) = diag(u,, + ula + uzb + u,ab, 1,. . . 1) 
where Ui E R, CUE e 1 (mod 2) and Ui = Ui. 
Consider now 
~(M.(l\;i’)-‘). 
First we note 
This leads to 
P(M(R;i’)_‘) = I + B((M - fW)*(M’)-1). 
trace[p(M*(M’)-‘1 - Z] = [(u,, - UO) + (ul + 6,)~ + (ul f &)b 
+(u3fv3)ub].[uo+ula+u2b+ . ..I-’ 
(mod 4), where ui E R, ui E ui (mod 2), a is the generator of order 4, and the sign + depends 
on the order of b, ub, in H (i.e., whether H z Q(8) or H z D(8)). 
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Since ZUi = 1 (mod 2) we have 
E’trace(3[P(M.(Il;i’)-‘) - Z] = $[(oO - VO) + (oi + Ui) + (v2 f U2) + (v3 f &)](mod2). 
The last expression can be written as 
1 [ - 
1 + 00 + ui + 02 + 03 - 1 + u() - vi T u2 f u3 
z 
- 
2 2 I. 
However, in Q&,/Q the mapping Tr has the property 
Tr(X) = Tr(x). 
This leads to 
Tr(-) = Tr[ul + u2 + u3] (for H z Q(8)) 
Tr(-) = Tr(u,) (for H z D(8)). 
But for all i we have Ui E Ui E gi E iji (mod 2R) and hence Tr(u[) E 0 (mod 2). By the 
diagram above, this implies 
dJ(B(M*(@)-‘)) = 0, 
where B(M .(n;i’)-‘) is considered as an element in K,(R[H]/(l + z), 2) (by the com- 
mutativity of the corresponding diagram). 
This last equation implies 
[(MS(@)‘1 = 0 in Cl,(R[H]). 
Since 4 is onto (see [28]), this last equation implies that conjugation on wh( G) is trivial and 
the proof of Theorem 2.1 is finished. 
Complement to 2.1. The above argument actually proves more: Let G be a finite 
fundamental group of a 3-dimensional closed mantfold M. Then the involution 
*: W%(G) -+ Wh( G) is trivial. 
To see this we note that xl(M) is 4-periodic and the results of [23] place some further 
restrictions on groups that can act freely on a homotopy S3. These copsiderations imply 
that the hyperelementary subgroups of n,(M) are the same ones that arise in the proof of 
Theorem 2.1. Since Whitehead groups of finite groups are detected by their transfers to 
hyperelementary subgroups, the triviality assertion follows directly from Theorem 2.1. n 
We shall also need the following result: 
THEOREM 2.2. Let Q be a quaternionic 2-group of order 2 16, let Q’ c Q be the 
corresponding quaternionic subgroup of index 2, and let n be an odd integer. Then the transfer 
map from SK,(Z[Q x E,]) to SK,(Z[Q’x h,]) is an isomorphism. 
Proof: As noted in the proof of Theorem 2.1 the groups SK 1 (Z [Q x Z,] ) split into direct 
sums of groups SK1 (R [Q]) where R runs through all cyclotomic rings Z&, with d 1 n and 
t;,, a primitive d-th root of unity; the analogous statement holds with Q’ replacing Q, and the 
splittings are compatible with respect to transfers. In particular, Theorem 11.10 of [31] 
reduces the proof of Theorem 2.2 to showing that the transfer map 
SK, (R [ Q]) + SK, (R [ Q’]) is an isomorphism when R is a ring of integers in a number 
field with no real embeddings. As noted in [31, p. 144, proof of Cor. 5.71 the map 
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.F ‘R,(G) -+ SK,( R[ G]) defined in [31, Proposition 52(iii)] factors through the complex RG. 
Artin cokernels A,(G) as defined in [31, p. 1441, and in fact Proposition 5.2 and Lemma 
14.3 of [31] imply that FRC induces an isomorphism from A,(G) to Cl1 (R [ G]) if G = Q or 
Q’. The double coset formula shows that the Artin cokernels are functorial with respect to 
transfers, and therefore the isomorphism A,(G) r C1i (R [ G]) is natural with respect to 
transfer; thus the proof reduces to verifying that the transfer map A,-(Q) + A,(Q’) is an 
isomorphism. But this follows immediately because both groups have order two and their 
nonzero elements are represented by any of the nontrivial one-dimensional representa- 
tions. n 
We shall also need an analog of Theorem 2.2 to cover an exceptional case. 
PROPOSITION 2.3. Let O* be the binary octahedral group, let Q c 0* be the Sylow 
2-subgroup ( z Q16), and let n be an odd integer prime to 3. Then the transfer map from 
SK1(ZIO* x Z,]) to SK,(Z[Q x Z,]) is a monomorphism. 
Proof: Since SK1 (Z[ G]) is an elementary abelian 2-group for all groups G under 
consideration (cf. the discussion of Section l), a Dress induction argument as in [31, 
Chapter 1 l] shows that SK 1 (Z [ 0* x Z,]) is determined by its transfers to 2-hyperelemen- 
tary subgroups. However, the results of [31] show that SK1 vanishes for all such subgroups 
except Q x Z, and subgroups of the latter. Therefore the transfer into Q x Z,, must be 
a monomorphism. n 
3. PROOF OF THE MAIN RESULT FOR FINITE FUNDAMENTAL GROUPS 
The following result is the main objective of this section: 
THEOREM 3.1. Let ( W, MO, MI) be an h-cobordism between 3-dimensional linear space 
forms. Then ( W, MO, MI) is an s-cobordism. 
The first step in the proof of the above result is the following simple observation. 
PROPOSITION 3.2. Let M be a 3-dimensional linear space form, let ( W, M, M) be an 
h-cobordism, and let z: W + M be a homotopy inverse to the inclusion of a, W z M. Then the 
Whitehead torsion T( W, M) E Wh(rrl( M)) has order at most 2 and the composite homology 
equivalence 
h:Mgad,Wc W+a,WrM 
is homotopic to a homeomorphism. 
Proof Let r = r( W, M) E Wh(x,(M)). We first note that z can not be of infinite order. 
This is a consequence of the triviality of the involution *: Wh(7tI(M)) + Wh(x,(M)). 
Indeed, using the Reidemeister torsion (and its duality) together with the triviality of * one 
shows (cf. [18]) that r satisfies the equation 2t = 0. Consequently we can assume that r has 
order two (or is trivial) because the torsion part of Wh(n,( M)) is an elementary abelian 
2-group (cf. [29]). Let h: M -+ M be the map described in the statement of the proposition. 
Then the Whitehead torsion t(h) is given by z(h) = T - ( - 1)3r* = r + r* = 22 = 0, and 
hence h is simple self-homotopy equivalence. By Theorem 1.1 we conclude that h is 
homotopic to a homeomorphism (in fact, to a diffeomorphism). n 
TOP 31:4-E 
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COROLLARY 3.3. Let ( W; M, M) be as in Proposition 3.2. Then there is a homotopy 
equivalence of mantfold triads f: ( W; M, M) + (M x I; M x { 0}, M x { l}) that is a homeo- 
morphism on the boundary. Furthermore, the Whitehead torsion of f satisjes 
T(f) = - t( w, a, W). 
Proof Let r: W -+ do W z M be a homotopy inverse to the inclusion; by the homotopy 
extension property for inclusions of boundary components we can assume that r 1 M is the 
identity. On the other hand, by Proposition 3.2 we know that rIdI W is homotopic to 
a homeomorphism, so by another application of the homotopy extension property we can 
also assume that rIdI W is a homeomorphism. Let g: (W; MO, M,) -(I, (O}, {l}) be 
a continuous map. We define a homotopy equivalence of triads 
f: (w; Mo, M,) + (Mo x 1; Mo, M,) 
by f = (r, g). It follows immediately that f has all the desired properties. n 
The following result involving computations for Wall groups of finite groups will be 
needed in the proof of Theorem 3.1: 
LEMMA 3.4. Let G be afinite group that acts freely and linearly on S3. Then the forgetful 
map of Wall groups from L”,(G) to L:(G) is onto. 
Proof: If SK I (Z [ G]) = 0 then the result follows from the Rothenberg sequence because 
I+%(G) is torsion free and the involution induced by conjugation is trivial. 
The results of [28-311 show that SK1 (Z[ G] # 0 and if and only if G contains 
a subgroup of the form Q2k x Z, where Q2k is a quaternionic group of order 2k 2 8 and n is 
odd. If G is the fundamental group of a spherical spaceform, then this and the list in the 
proof of Theorem 2.1 imply that either G is a generalized tetrahedral group T(8 * 3k) or else 
G has the form Z!, x H, where H c SO(4) has order prime to n and cannot be split as 
a nontrivial Cartesian product. 
It suffices to prove the lemma for the second class of groups. For if G % T(8 * 3k) then we 
have L;( T(8 * 2k)) = Li(SL(2, 3)) by [22], p. 6.4, and hence L”,( T(8.3k) surjects onto 
L; ( T(8~3~)). On the other hand, the map L;(G) + L:(G) is onto for all finite groups G by 
the appropriate Rothenberg sequence because Wh(G)/SK,(G) is torsion free and the 
involution induced by conjugation is trivial (compare the discussion in the preceding 
paragraph). Combining these we see that L;( T(8 - 3k)) surjects onto Lf( T(8 * 3k)). 
We shall now compare L: (Z, x H) to LS, (Z, x H). This will be done in two steps. 
First, the appropriate Rothenberg type exact sequence implies that 
L;(Z, x H) -+ L:(Z, x H) is onto, 
where L; (-) are the intermediate L groups considered in [Sl]. Indeed, the sequence has the 
form 
... -+ Wh’(Z,xH)@Z~~L;(Z,xH)+L~(.Z,xH)-+O. 
Let X := SK 1 (7~). Then it follows from [22, Theorem 3.61 that projection onto the second 
factor induces an isomorphism 
L:(Z, x H) z L:(H) 
(and the inverse is inclusion onto the second factor). Let Y := X 0 { + 1) 0 Z, x Hab, where 
nab denotes the abelianization of 7c (also recall that scab z H1(z; Z)). By definition the 
intermediate Wall groups Li(-) are merely the groups Li(---_). 
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Consider now the sequence (cf. [Sl], p. 4) 
... -+L?(Z, xH)+LY(Z, xH)+H’(Y/X)+ ... . 
Now Z2 @ Hab + Zz @ (Z, x H )ob induces an isomorphism 
H’(&; z2 @H,(H; Z)) 5 H’ (Z,; Zz @ Z, 0 H,(H; Z)). 
This and a 5-Lemma argument for the sequence 
+ L:(Z,xH) -+ L:(Z, xH) -+ H’(Y/X) + 
= t t 2 1 
+ L:(H) + L:(H) + H’(Y/X) + 
imply 
LT(Z, x H) z L:(H) and hence 
L;(Z, x H) x L;(H). 
Since SKI(H) = 0 and L’ = Ly, the last isomorphism implies that in the sequence 
, . . L;(h,xH)i’LL;(H,xH)~H1(SK,(d,xH))+... 
the homomorphism A 1 is trivial. Therefore if L”, (Z, x H) --+ L; (27, x H) is onto then so is 
L;(Z,xH)+L;(Z,xH). a 
Proof of Theorem 3.1. Let ( W; MO, MI) be an h-cobordism between 3-dimensional 
linear space forms. Let t = t( W; M,) be its Whitehead torsion. We recall that without loss 
of the generality we can assume M0 = MI (cf. [26], p. 410). By Proposition 3.2 and the main 
result of Cl83 we know that r( W; M) = 0 unless SKr(rci( M)) # 0, so assume M is such 
a manifold. The choice of a homotopy equivalence Sas in the Corollary 3.3 determine an 
element in the relative structure set S” ToP(M x I, 8) as defined in [49, Chapter lo]. Let 
s(f) E ,4PtOp(M x I, ~3) be the class in the structure set determined by J and let 
qs(f) = q(f) E [XM, G/TOP] be the associated normal invariant. Since G/TOP has the 
homotopy type of a product of Eilenberg-MacLane spaces through dimension 7, it follows 
that ns(f) is given by a class in the group 
H’(xM, Z,) @ H4(CM, Z). 
The second summand maps nontrivially into Lh,( n1 (M)) under the surgery obstruction 
0, and therefore we may view ns(f) as an element of H’(CM, ii’,). If u E H2(CM; it’,) then 
as in [20, 211 there is homotopy self-equivalence h,: M x I + M x I whose restriction to the 
boundary is the identity and such that q(M x I, h,) = u. Thus if f: W-t M x Z is a map of 
triads such that v( W,f) = v we can glue together ( W,f) and (M x I, h,) to get a new 
homotopy equivalence of triads ( W u M x Z z W,f u h_ ,) whose normal invariant is 
v - v = 0. By the exactness of the surgery sequence 
+ L;(q(M)) + yphTOp(M x Z, 8) -+ CEt4; G/TOP1 3 Lho(n~(M)) 
it follows that s(f) comes from the action of L: (nl (M)) on the unit element of the structure 
set. Since L”, (Z, x H) + L: (Z, x H) is onto by Lemma 3.4, it follows that s(f) in fact comes 
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from the action of an element in L;(n,( M)). This means that fis h-cobordant to a map of 
triadsf*: ( W*; M, M) -+ (M x I; M, M) such that W* is an s-cobordism. Therefore there is 
an h-cobordism X5 with 8X5= W*u - W and aW*n -aW=M,-,uM, (where 
M,, M, g M). By the duality formula for Whitehead torsions of h-cobordisms we have 
z(X, w*) = z(X, w)*. Since t(X, W)* = r(X, W) by Theorem 2.1, it follows that 
z(X, W*) = s(X, W). Furthermore, we also have 
z( W, M,) = r(X, W*) + z( W*, M,) - T(X, W). 
Since W* is an s-cobordism, the middle term vanishes so that z( W, MO) = z(X, W*) 
- z(X, W) = z(X, W) - 7(X, W) = 0. n 
4. COVERING SPACE ENDS FOR GEOMETRIC 3-MANIFOLDS 
Since a closed oriented geometric 3-manifold M is a connected sum of manifolds 
Mi whose universal covering spaces are homeomorphic to S3, S2 x [w, or Iw3, it is natural to 
study the universal covering A? in terms of the universal coverings of the pieces. If each Mi is 
aspherical the methods of E. Bloomberg [l] and D. McCullough [25] provide a means for 
doing this. In this section we shall refine their ideas to obtain some required information 
about the ends of these universal covering spaces and certain of their quotients. Two 
standard references for ends of manifolds are H. Freudenthal’s original article [lo] and an 
article by F. Raymond [35]. 
Let N be a geometric 3-manifold that cannot be decomposed as a nontrivial connected 
sum, and let No := N - D where D is the interior of a smoothly embedded closed 3-disk in 
N. The work of [l] and [25] uses the universal coverings of manifolds such as 
No extensively, and therefore it will be helpful to have convenient models for these objects. 
Specifically, the observations of [l, Subsection 2.2, pp. 71-721 can be extended as follows: 
PROPOSITION 4.1. Let N and NO be as above, let fi,, be the universal covering of NO, and let 
e E [w3 be a unit vector. 
(i) If N is aspherical, then fi,, is difiomorphic to 
(ii) If N is a spherical spaceform and 1 x1 1 is the order of its fundamental group, then fi, is 
diffeomorphic to D3 - E, where E is a union of the interiors of (In, ( - 1) disjoint closed smooth 
disks in the interior of D3. 
(iii) If N = S’ x S2, then fl, is difleomorphic to D3 - E, where 
Explanation of terminology. The set in (i) is D3 minus the origin and a nicely positioned 
sequence of disks converging to the origin, and the set in (iii) is D3 minus two points and two 
nicely positioned sequences of disks converging to +ie. 
Proof: (Sketch.) We begin with (i). If N is an aspherical geometric 3-manifold then its 
universal covering is isomorphic to [w3, and therefore $,, is Iw3 minus the interiors of 
a countably infinite, locally finite family of closed disks. By stereographic projection we may 
VANISHING OF 4-DIMENSIONAL WHITEHEAD TORSION 141 
also view fi,, as D3 minus the origin and a corresponding infinite family of disks. Standard 
isotopy theorems allow us to move these disks to the family appearing in the statement of 
3.1(i). The proof of (ii) is similar but simpler; in this case we know that the universal covering 
of N is S3, and therefore fl,, is merely S3 with the interiors of ( T-C~ 1 closed disks removed. The 
proof of (iii) is also similar to that of(i). In this case the universal covering of N is S2 x R and 
we can use the identification of the latter with S3 minus two points to show that i?, is S3 
minus two points and two infinite sequences of disks, one converging to each point. 
Stereographic projection and isotopy considerations resembling those of(i) will then yield 
an identification of such a set with the specific example described in (iii). 
For each N as above take an identification of fiO with the subset of D3 given by (i)-(iii), 
and set a,fi, equal to the component of aflO corresponding to S2 = 8D3. For each 
g E z,(N) set a$‘, equal to the translate of a,fi, under the covering transformation 
associated to g; it follows that afi, is the disjoint union of the 2-spheres a,fiO where g runs 
through all elements of the fundamental group. n 
If M is a geometric 3-manifold that splits as a nontrivial connected sum then one can use 
the methods of [l, Subsection 23 and [25] together with 4.1 to show that the set of ends for 
the universal covering is an uncountable Cantor set and the Freudenthal end point 
compactification is homeomorphic to S3. Since the ends form a Cantor set, they clearly 
cannot have boundary collars (a collared end, and more generally a tame end in the sense of 
[38], is always isolated). However, the ends have the best property one could expect under 
the circumstances; namely, they are all simply connected. Before proving this in 
Theorem 4.2, we shall recall the relevant definitions from [38]. 
Let X be a noncompact connected (paracompact) opological k-manifold (k > 0), and let 
E be an end of X. Following [38, p. 141 we say that E has a stable fundamental group (or rcl is 
stable at E) if there is a sequence of arcwise connected neighborhoods of E 
with r\ iUi = @ such that (with basepoints and base paths chosen) the sequence 
h* f2. 
?(Ul) +--7c1(U2)--. . 
induces isomorphisms 
Im(fi*) z Im(f,,) z . . . . 
If this holds and IV1 3 W, 3 . - . is any other sequence of neighborhoods whose closures 
have empty intersection, then by [38, pp. 11-141 @ rtr( Wi) will be isomorphic to 
l&rrcr(LJJ z Im (&.), and therefore it is meaningful to set x1(~) equal to Im(&) if x1 is 
stable at E. We shall say that X is simply connected at E if 7tl is stable at E and rtl (E) is trivial. 
THEOREM 4.2. Let M be a geometric 3-mangold that has a nontrivial decomposition as 
a connected sum, and let E be an end of the universal covering space of M. Then iI? is simply 
connected at E. 
Proof: We shall first introduce some notation. Let B(k) be S3 with the interiors of 
k > 0 closed smoothly embedded 3-disks removed, so that 8B( k) is a disjoint union of 
k copies of S2. Denote these spheres by ai B( k ). where 1 5 i I k. 
Express M as a connected sum MI # . . . # Mk, where Mi is either S r x S2 or an 
irreducible geometric 3-manifold. Following [l] and [25] we can decompose the universal 
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covering h? into a union of pieces B, and A (X, JJ where x runs through all elements of n, (M), 
the integer J E (1,. . . k} satisfies 
(*) if 1 # x and x = gl. . g,, is the unique expansion of x as a reduced word in the 
element of uirtl (Mi), then g,, 4 rcl (M,), 
and the following additional conditions hold: 
(i) Each set B, is diffeomorphic to B(k), and each set A,,, JJ is diffeomorphic to gJ,,. 
(ii) All identifications between the pieces are given by the rules i3, AC,,Jj = a,B, and 
804 CX, J) = 8, BXg, where 1 # g E rri (M,) in the latter case. 
Note that if x = g1 . . . gn is the unique expansion of x as a reduced word, then g1 . . g,,g is 
the unique expansion of xg as a reduced word because gn E rcl (Mi) for some i # J. 
It follows that the ends of Ji? arise either from ends of the pieces A,,, Jj (provided rci (M,) 
is infinite) or from infinite reduced words g1g2. . . (i.e., each finite segment is a reduced 
word). Given x E rrl (M) with a reduced word expansion g1 . . . gn define T(x) c &? to be the 
union of all B, and A(,,,, such that the reduced word expansion of z begins with g1 . . . g,,. 
As in [25] it follows that T(x) is homotopy equivalent to a wedge of 2-spheres and in 
particular is simply connected. Furthermore, if g1 gz. . . is a reduced infinite word, then the 
sequence { T( gl. . . g,,,)} ,“= I forms a cofinal set of simply connected neighborhoods of the 
ccrresponding end. Thus all such ends have stable fundamental groups that are trivial. 
Now consider an end E of fi arising from an end of some A(,,,,. By Theorem 3.1 the 
associated end so in AC,,JJ has a cofinal set of neighborhoods of the form N, z D3 - E, 
where E, is the origin plus a sequence of pairwise disjoint disks converging to the origin. It 
follows that the end E has a cofinal system of neighborhoods of the form 
N,* = D3 - EU( u T(xg)) 
when one takes all T(xg)‘s such that g1 E rcl (M,) and a,A,,, J) c N,, and the sphere a, A,,, JJ 
is identified to dT(xg) = a, B,,. The methods of [25] also apply in this case to show that 
N,* is simply connected. Thus every end of n? associated to an end of some AC,,J, also has 
a stable fundamental group that is trivial. H 
Strictly speaking we need an analog of Theorem 4.2 for covering spaces of M associated 
to finite subgroups of rcl (M). 
THEOREM 4.3. Let M satisfy the conditions of Theorem 4.2, and take M’ to be a covering 
space associated to some finite subgroup of z,(M). Then all the ends of M’ are simply 
connected. 
Proof: We have already mentioned that the methods of [l, Subsection 2.2, pp. 70-713 
show that the Freudenthal end point compactification of G is homeomorphic to S3. 
Furthermore, as in [l] it follows that the action of n1 (M’) by covering transformations 
extends to the end point compactification. We claim that this action of zl(M’) is free. Since 
a finite group acts freely if and only if every cyclic subgroup of prime order acts freely, we 
may as well assume that 7c1 (M ‘) is cyclic of prime order; the action by covering transforma- 
tions is orientation preserving because M is orientable. 
Since the fundamental group acts freely on the universal covering, it follows that the 
action of zl(M’) on S3 is free except possibly on the set of ends. On the other hand, by 
Smith theory the fixed point set of the action is either empty or a circle (recall the 
assumption that rci (M’) is cyclic of prime order). Since the set of ends is zero-dimensional, it 
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cannot contain a circle of fixed points, and thus the fixed point set of the action must be 
empty. 
Since the finite group rci (M’) acts freely on the end point compactification, each end E of 
A? c S3 has an invariant slice neighborhood that is equivariantly homeomorphic to 
a product rt,(M’) x lR3 (in S3). It follows that all sufficiently small neighborhoods of E are 
disjoint from their translates under the action of x1 (M’), and therefore all sufficiently small 
neighborhoods of ends in A? map homeomorphically into M’. This and Theorem 4.2 imply 
that every end of M’ is simply connected. n 
5. PROOF OF THE MAIN RESULT: THE GENERAL CASE 
In this section we complete the proof of our main result: 
THEOREM. Let (W; MO, M,) be a 4-dimensional h-cobordism between oriented geometric 
3-manifolds M. and MI. Then ( W; MO, MI) is an s-cobordism. 
Suppose that M is a geometric 3-manifold, and express M as a connected sum 
M, # . . . M, where each Mi is irreducible or S’ x S2. The fundamental group of M is then 
a free product of the fundamental groups of the summands, and since the Whitehead groups 
of free products satisfy Wh(Hi *Hz) E Wh(H,) @ Wh(H2) (compare [40] or [S, Sec- 
tion 231) we have a splitting 
In fact, we can say considerably more because we are working with geometric 3-manifolds: 
PROPOSITION 5.0. Let M E # iMi be as above, and suppose that MI, . . . MI are spherical 
spaceforms and Mt+ 1, . . . Mk have infinite fundamental groups (by convention, if there are no 
spaceform summands then 1 = 0 and if there are no summands with infinite fundamental groups 
then I= k). Then Wh(lr,(M))=O if I=0 and Wh(rtl(M)) z Wh(n,(M,)@... 
@ Wh(rtl(MI)) if1 > 0. 
Proof It suffices to check that u?1(7c1( N)) = 0 if N has infinite fundamental group: i.e., 
if N r S’ x S*, N is Haken, N is Seifert fibered, or N is hyperbolic. But 
Wh(n,(S’ x S2)) = Wh(Z) = Ois well known (compare [S] or [26]), and Wh(n,(N)) = Oif 
N is Haken, Seifert fibered, or hyperbolic by results of Waldhausen [48], Plotnick [24], and 
Farrell and Jones [6] respectively. n 
Notation. When we write M = # i Mi we shall assume that the fundamental groups of 
the first 1 summands are finite and the fundamental groups of the remaining summands are 
infinite (i.e., the same terminology as in Proposition 5.0). 
The first step in the proof of the main theorem is analogous to Proposition 3.2. 
PROPOSITION 5.1. Let M be a geometric 3-manifold, let ( W; M, M) be an h-cobordism, and 
let r: W+ M be a homotopy inverse to the inclusion of 8, W z M. Then the Whitehead 
torsion T( W, M) E Wh(rtl(M)) has order at most 2 and the composite homotopy equivalence 
h:M~a,McW-+&WrM 
is homotopic to a homeomorphism. 
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Remark. If M0 and Mi are h-cobordant geometric 3-manifolds then one can use the 
notion of generalized Reidemeister torsion as defined by V. Turaev [46] to show that 
M ,, C=Z MI (see [45, Theorem 1.41). Therefore our assumption that a W E MI-I M is actually 
redundant (but a little more work is needed to show that the self-map h is homotopic to 
a homeomorphism). 
Proof We adopt the same notation as in the statement and proof of Proposition 5.0. Let 
M0 = d,, W. Let r = t( W; M,) = (tI, . . . , T[) E @ V%(TC~ (Mi)) be the Whitehead torsion 
i=l 
of the h-cobordism (W, MO, M,). 
We claim first that none of the classes ti can have infinite order. This can be seen using 
Turaev’s generalized Reidemeister torsion [45] in the same way that ordinary Reidemeister 
torsion was used in Section 3 when M0 was a spherical spaceform. It follows that t itself 
must have finite order, and since each group SK1 ( rcl (Ml)) has exponent 1 or 2 the class 
r satisfies 2r = 0, exactly as in the case when M0 is a spherical spaceform (see the proof of 
Proposition 3.2). Since we also have r = r *, the final steps in the proof of Proposition 3.2 
are valid in the present situation and show that r = 0. n 
In analogy with Section 3 we have the following: 
COROLLARY 5.2. Let (W, M, M) be as in Proposition 5.1. Then there is a homotopy 
equivalence of mantfold triads f: ( W, M, M) + (M x I; M x {0}, M x {l}) that is a homeo- 
morphism on the boundary. Furthermore, the Whitehead torsion of f satisjes 
T(f) = - t( w, a, W). n 
An h-cobordism (W; M, M) as in Proposition 5.1 and a choice of homotopy equivalence 
f as in the Corollary jointly determine an element in the relative structure set 
9’~op(M x I, a) as defined in [49, Chapter lo]. If n,(M) is small then by the results of [9] 
and [8] this structure set fits into an exact surgery sequence 
+ L;(xl(M)) + Y;or(M x I, ~3) -: [CM; G/TOP] : L;(xl(M)). 
In general one can still define the last two terms in the sequence, construct a monoid 
structure on Yh TOP(M x I, 8) by gluing the relative structures ( WO,fo) and (W,,fi) along 
8, W,, r ~3, WI, show that q is a monoid homomorphism with most of the same formal 
properties as in higher dimensional cases, and conclude that the composite 0~ is trivial. 
Information about the normal invariant q( W,f) often implies information about the 
Whitehead torsion r( W, M). In order to state the most important relationship it is helpful 
to adopt some more notational conventions. As usual write M E # i Mi and view rrl (M) as 
the free product of the groups rrl ( Mi); we shall denote the covering space associated to the 
standard inclusion rrl(Mi) c x1(M) by qi: M[i] + M. The relationship is the following: 
PROPOSITION 5.3. In the setting above, suppose it is possible tofind a homotopy equivalence 
of triads f that is a homeomorphism on the boundary and such that qT n( W, f) = 0 (notation as 
above) for allj such that am is$nite, SK1(Z[Z1(Mj)]) # 0, and H’(Xl(Mj); Z,) # 0. 
Then (W, M, M) is an s-cobordism. 
Remark. The results cited in Section 2 and the proof of Proposition 5.1 show that 
j satisfies the technical conditions of Proposition 5.3 if and only if Mj is a spherical 
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spaceform whose fundamental group is a product H x Z,, where H c S3 is either the binary 
octahedral group or a quaternionic group with 1 H 1 = 0 mod 8 and n is prime to (HI. 
The proof of Proposition 5.3 requires the following result. 
LEMMA 5.4. In the setting above, assume that all ends of M[l] are simply connected. Let 
(W, M, M’) be an h-cobordism, express the Whitehead torsion of (W, M) as 
(71,tz) E W~(~I(MI) 0 Wh(n,(Mz) z Wh(n,(M)), and let W[l] be the covering space 
associated to IT~( M 1). Then the following hold: 
(i) The triad ( W[l]; M [l], M’[l]) is a proper h-cobordism in the sense of [39] where 
M’[l] is the covering space associated to xl(M1). 
(ii] The proper Whitehead group Wh( W[l]) as dejined in [39] or [7] is isomorphic to 
Wh(nl(M1)). 
(iii) The proper Whitehead torsion of ( W[l]; M [l], M’[l]) in the group Wh( W[l]) 
corresponds to tl under the isomorphism in (ii). 
Proof (Sketch) Let Q be a simply connected manifold with x(Q) = 1; for example, take 
Q = CP4 # S3 x S5 # S3 x S5. If we consider Wx Q instead of W we obtain an h-cobordism 
with the same Whitehead torsion and splitting properties in a higher dimension. Therefore 
without loss of generality we may assume that M is at least 5dimensional. 
The first conclusion of the lemma follows immediately from the hypotheses. The proof of 
the second conclusion is based upon the following two exact sequences for Wh( W[l]) due 
to Siebenmann [39] 
0 -+ S,( WCll) + WNCll) + &h(4) + ~&I( Wll)) 
Wh(~1(&)) + Wh(~1( WI)) -+ MWC11) + ~J’~‘IcI(E’)) -+0. 
Since the ends of W[l] are simply connected and stable, it follows that 
S,( W[l]) z Wh( W[l]) and Wh(nI(e)) = Wh(xl(e’)) = 0. This implies 
To prove the final assertion, observe that W can be constructed from h-cobordisms over 
MI and Mz by attaching handles away from the boundary N = aM1 = aM2; this can be 
done because Wh(x,(M)) F Wh(zc,(M,)) @ Wh(x1(M2)). Therefore the splitting of 
M extends to a splitting of Was (say) W, u W, where a WI n a W, g N x I. The hypotheses 
imply that the inclusion MI c M lifts to M[l], and therefore the manifold M [l] can be 
split as M[l] 2 MI uI. V where MI projects homeomorphically down to M and V is 
simply connected with simply connected ends. There is a corresponding splitting 
W[l] = WI u V* where W, n V* = N x I. The Siebenmann exact sequences imply that 
the proper Whitehead group of V is trivial, and hence the proper s-cobordism theorem of 
[39] implies that V is a product (strictly speaking we are using a relative version of [39] for 
proper h-cobordisms over manifolds with compact boundaries such that the h-cobordism 
over the boundary is a product). It follows that W[l] can be split as WI u Vx I. By 
the definitions of the maps in the Siebenmann sequences this means that the torsion of 
(W[l], M[l]) is equal to the torsion of (WI, MI); but the latter is equal to r1 by 
construction. n 
Proof of Proposition 5.3. The results of Section 3 imply that we need only consider the 
case where M is a nontrivial connected sum. Let s(h) E Ytop( M x I, a) be as above, and let 
ip(j-) E [CM, G/TOP] z H’(CM; Z,) @ H4(CM; Z) 
= ([?]/$I )$%I aDu!S ‘lV!Jl s! (sd=D x [?]N f,cKD x [!]A4 12 uo!sJol PaaqalIqM 
JadoJd aql lvql MOMS MOU JooJd aql JO ydvJ%Jvd ~sJy aql us SB suopoJap!suo:, auws aq,C 
*o1uo s1 (~hf.!/7+(XLf!s7 
lag1 apnPuo3 ah E*P maJoaqL put? ‘(01s *d ‘CL] aas) ([! JA)I~/M JO uog-eyurJalap 
3!eJqa8p2 aql ‘d ‘*y7 + d $7 Joj ananbas %Jaquaqlop aql Y)!M sql auyquro3 aM ~1 ‘p’c euuua~ 
JO JooJd aql u! se OlUo s! (x)!,LI 6 ((x)~~):~+(x):LI 0 ((x)~u):~ wql SMOIIOJ l! 
‘(~~)~~=([?]~)‘~=(X)~~a~u!S’oluo~~(~),~7+(~)~~~(()ll)‘~)~7l~q1s~ollo311 
+ (x)o,Il+ (XW)d47 + (x):LI 0 ((XI’U):? -(x):Ll 
s- 1 
:aDuanbas 1Xxa %U[MOIIOJ aql olu! sly (~)~.;7 
dnoJd dJa%_ms ladold aqj uaqL *( )I = 0~ ‘1 3 2) 1 -!y 3 !y : [ uo!snpu! aql dq paDnpu! dour 
aql s[ *f aJaqM ‘( * * * ‘(%)*f- It) ‘(‘z?)*{- ) = (* . . ‘% ‘Zv ‘TV) (s - 1) dq uah!% aq (x)gu @ 
((y)Iu);7+(y):~ :s - 1 ial put2 ‘(s Jo zf‘d = b) ‘((!y)h);7 ‘=,!u =: (x);~ auyaa 
I=! 
* Qr = !)I (_j pue lc.wduIoDoD sf !y q3ea ltzql OS ‘x u! spuajo spooqJoqqZ!au jo a3uanbas B 
aq *. . c Zi c 1~ ial put! zl x zd3 x [!]fl= x la? ‘SMOI~OJ SE ([rsz *d ‘c&l aJedwo3 
:[vz] aas) muanbas s,LJeurna~ a!~ palndwoct aq uw (z 1 x zd~ x [!I m) d 47 dnoJ% ayL 
*Alpuap! aql uo (z~ x Zd3 x [-In) d 47 JO uoyn2 aql luoq saw03 
([.z Ja)s ssep aql auanbas 4Ja%Jns aql JO ssauwxa aql Aa ‘0 = ([j]~)slr loql apnpuo3 
aM aJoJaJaq1 pur! ‘uopDafoJd s! [!]n + zd3 x C!lm :d aJaw ‘(Ctl.fhd = (C?laW 
leql L1dU.y suo!leJaprsuoD pJspuels w.us~qdJotuowoq dnoJS aJv $q%!s u! sdt?ur 11” aJaym 
-*. +~dO~/f)f,d3~X~~l+~Q‘zd3~Z~X~!)d,O~~+t(zZ~Zd=D~~!1~~~~~7+ *.* 
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‘0 = ([j]J)slr dldru! sasaqlod6q aql aJoJalaq1 pm ‘(J)slr$ = ([?]j)sk ivy) Moqs sluau.m%_w 
p~spue~s ‘aJowJaqlJn~ *(saqs!uEn unal IwoIsuauup-p aql 1Dedurowou s! [.t]m acys) 
tza flI?liv)zH z [dO,L/3 ‘c?lJml+ (e ‘Ix r?1JvY)“,0$6 :h 
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‘7 pur! [*,z3 LJwunely *s JO dJau~q~t?ur ylaJoaql-dJa8Jns JadoJd aqy asn UED aM aJoJaJaqL 
*sws!qdJotuoatuoq aJf! sluauodtuo3 AJepunoq aql 01 suoyysaJ aql Ivy1 qDns spe!Jl PIOJ 
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‘0 # ((!W)‘~)‘SS 
put? alfug s! (!N)Iu J! o~az s! (J)s.h JO alwupJoo3 ql-! aql leql 61du.q sasaqloddq Jng 
%uglgds %J!pUOdSaJJO3 ‘I? uyqd aM uaql !m# z n aiyM aM ~1 *(Zz !H&H u! aq lsnur 
(s)s& leq$ llldw! aJoJaq se suopI?Jap!suo3 atuos aqL ‘)UI?!JI?AU! pz?tu~ou paleposse aql aq 
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~(~nl(Mi)) and the torsion of wh(ni (Mi)) has exponent 2 it follows that 
t( W[i], M[i]) = 32( W[i], M[i]) = x(CP2)z( W[i]M[i]) 
= T( W[i] x @P*, M x @P*) = 0. 
On the other hand, the results of Section 4 show that the conditions of Lemma 5.4 hold for 
the splitting M E Mi # (other terms), and thus Lemma 5.4 implies that t( W[i], M[i]) is 
the projection of z(W, M) onto Wh(n,(Mi)). Combining this with the previous observa- 
tions we see that the projection of z( W, M) onto Wh(nl (Mi)) is trivial for every i such that 
rci( Mi) is finite and SK1 ( x1 (Mi)) # 0. Since Proposition 5.0 shows that the projections of 
r( W, M) onto the other factors are trivial and Wh(n,(M)) is the direct sum of the groups 
wh( 711 (Mi)) this completes the proof. n 
COMPLEMENT 5.5. In the setting of Proposition 5.3. consider the normal invariant n( W, f) 
as an element of H*(XM; Z,) z @ H*(CMi; Z,), and assume that for some particular value 
ofj the projection of n( W, f) onto H*(CMj; Z2) is trivial. Then the projection of T( W, M) onto 
Wh(rcl(Mj)) is also trivial. n 
This follows from the same type of argument employed in the proof of Proposition 5.2. 
The following result provides the means for dealing with ~j( W, f) in the other cases: 
PROPOSITION 5.6. Suppose that M is a geometric 3-manifold of the form # Mi, and assume 
that the summand Mj satisfies one of the folowing conditions: 
(i) nr,(Mj) is i@nite. 
(ii) nl(Mj) isJinite and SK,(Xl(Mj)) = 0, 
(iii) H’(~r,(Mj); Z2) = 0. 
(iv) I, g Q(8) x if, where n is odd. 
Then the projection of z( W, M) onto Wh(rtl(Mj)) is trivial. 
Proof: Once again we use the splitting 
H*(EM; Z2) g @ H*(ZMi; Z2). 
Suppose there is some homotopy equivalence of triads fo: W -+ M x I such that the j-th 
coordinate of q( W, fO) is nonzero for some j such that SK 1 ( n1 (Mj)) # 0; the hypotheses and 
Complement 5.5 imply that x1( Mi) r Q(8) x Z, must hold. Let J = {j,, . . . , j,} be the set of 
all j satisfying these conditions. Define a self-homeomorphism h: M + M such that h is 
a connected sum of homeomorphisms hj where hj is given as in Proposition 1.3 if j E J and 
hj is the identity otherwise. The induced automorphism h* on H ‘(M; Z,) E OjH ‘( Mj; Z,) 
then has the following properties: 
(i) h* sends each summand H’(M,; Z,) into itself. 
(ii) The associated self map of H1 (Mj; Z,) is the identity if j 4 J. 
(iii) If j E J so that H’(Mj; Z,) E Z2 then h* cyclically permutes the three nonzero 
classes in Z2 @ Z2. 
We claim that h*T(f,) = t(h); this holds because r(h) lies in the subgroup of elements with 
finite order by Proposition 5.1 and h* is the identity on this subgroup by the discussion in 
the proof of Proposition 1.3. Let fi = (h x 1)fo and let f2 = (h* x 1)fo. It follows that the 
Whitehead torsions satisfy t(h) = t(h) = rU;o) = - r( W, M). Furthermore, the normal 
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invariants satisfy q( W,fi) = h*q( IV&) and q( W,fi) = h*q( W,fi) = h**q( W,fo). Consider 
the class u3 E ,4p’&(M x I, a) formed by gluing (W,fe), ( W,fi), and ( W,f2) end to end, and 
let (IV’,&) be the representative constructed in this fashion. Since the torsions of the mapsfi 
are all the same this means that r(f3) = 3r(f,); but r(fe) has order at most 2, so in fact we 
have r(h) = r(fo) = - r( W, M). Furthermore, since end to end gluing defines the group 
operation on the relative structure sets, it follows that the normal invariant v]( wl,f3) is 
merely q( W,fO) + h*n( W,fO) + h**n( W,fO). On the other hand, by construction the self 
map 1 + h* + h** on H ‘(M; Z,) is zero on H l(Mj; Z,) if j E J and the identity otherwise. 
Therefore we have replaced (W,fo) with a new h-cobordism and homotopy equivalence 
( wl,f3) such that both h-cobordisms have the same boundaries and the same Whitehead 
torsions but q( Wr,f3) satisfies the hypotheses of Complement 5.5. Therefore the projection 
of r(f3) onto Wh(~,(Mj)) is trivial. Since r(f3) = r(&) this shows that the projection of 
t( W, M) onto Wh(n,(Mj)) is trivial. n 
COROLLARY. Let M = # Mi be a geometric 3-manifold, let ( W; M, M) be an h-cobordism, 
and suppose that the summand Mj is a spherical spaceform with fundamental group Q(8) x B, 
where n is odd,. Then the projection of z( W, M) onto Wh(xl(Mj)) is trivial. 
This follows the same sort of argument used in Proposition 5.5, the main difference 
being the replacement of Proposition 5.3 by Corollary 5.3.A. 
We are finally ready to prove the main result. 
THEOREM. Let ( W4; Ma, MI) be a 4dimensional topological h-cobordism between 
oriented geometric 3-manifolds. Then ( W4; MO, M,) is an s-cobordism. 
Proof: By the remarks following the proof of Proposition 5.1 we know that MO zz MI. 
Suppose there is an h cobordism whose torsion t := r( W, M) is nontrivial. As usual 
write M r MI # . . . M, and Wh( z1 (M)) E @ Wh{xl (Mi)). Without loss of generality we 
may rearrange the summands so that the projection of r onto Wh(xl( M,)) is nonzero. 
Denote this projection by tl. 
Since rr # 0 we know from Proposition 5.0 and the results mentioned in Section 1 that 
rcr ( MI) s H x Z, where H contains a copy of Qs and n > 1 is prime to 1 H 1, Let PI + MI be 
the covering associated to the inclusion j: Q(8) x Z, c H x Z,, and denote the number of 
sheets in this covering by k. Then M has a naturally associated finite covering of the form 
M*:=P, # k(#i>zMi). 
Let W* be the h-cobordism formed by taking the corresponding finite covering space for W. 
Then r* = r( W*, M*) is the image of r under the associated transfer homomorphism; 
furthermore, if rr is the projection of r* onto Wh(n,(P,)), then rr is equal to the image of 
rr under the transfer determined by j. By the results of Section 2 (specifically, Theorem 2.2 
and Proposition 2.3) we know that this transfer is a monomorphism on elements of finite 
order; since r has finite order, it follows that tf must be nonzero. On the other hand, 
Proposition 5.6 implies that rrf = 0. This contradiction arises from our assumption that 
r was nonzero, and therefore we conclude that T = 0 as asserted in the theorem. n 
Final Remarks. In the proof of the main theorem 4-dimensional topological surgery 
theory was used. However, it is possibe to give a proof that does not require the results of 
[9] or [S]. To explain this we first note that the 4-dimensional topological surgery was used 
only in the proof of Theorem 3.1. To avoid its use one can proceed as follows: Let 
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( W; M,,, M,) be an arbitrary h-cobordism with finite fundamental group. We can assume 
that the Whitehead torsion z( W; M,) has order two. Consequently there is a homotopy 
equivalence f: ( W; MO, M,) + (M x I; M x {0}, M x {l}) that is a homeomorphism on the 
boundary components. Purely homotopy theoretic computations as in [20] show that the 
normal invariant of f can be assumed to be trivial. In particular fx id(@P’) 
E Ytop( M. x I x @P2, 8) also has the trivial normal invariant and hence 
f x id(@P’) = A(u) f or UEL:(TC~(M,,)) and A:L:(~c~(M~))~~~P~T~~(M~xZX~=P~,~) is 
the map in the surgery sequence. This leads to the triviality of T( W, M,). The remaining 
surgery-theoretic arguments in this paper are entirely higher dimensional, and thus the 
main theorem does not depend on the results of [9] or [S]. 
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